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Introduction
A finger probe is a directed line 1 aimed at a polygon P. The result of a finger probe is a contact point pI, which is on the boundary of P if 1 intersects P, and at infinity otherwise. We shall say that a finger probe zz distinguishes between two polygons P and P' if the contact point of J-C with P differs from the contact point of K with P'. Given a collection r of polygons, we shall say that a set II of finger probes distinguishes among rif, for each pair P, P' of polygons of r, there exists a probe in II that distinguishes between P and P'. Since we will only consider finger probes in this paper, the word finger will be omitted thereafter;
other kinds of probes are described in [7] . Consider a line L in the plane, and a point p E L. We shall say that a polygon P is in standard position if p is one of its vertices, and if the edge of P clockwise from p is contained in L. Polygons in standard position occur in real-life situations, for instance in the case of objects on a conveyor belt. Lyons [5] showed that, for every set Tof m convex n-gons in standard position, such as those shown in Fig. 1 , there exists a set II of at most m -1 probes aimed at p that distinguishes among r, and that these probes can be found in O(mn + m") time. She also showed that there are sets of polygons among which one can not distinguish by any set containing less than m -1 probes. A vertex u of a simple polygon P is strictly convex if it is convex, but not collinear with the two vertices of P that are adjacent to it. The polygon P is called strictly convex if each of its vertices is strictly convex; P is said to be unimodal if the distance function from a vertex of P to all other vertices in clockwise order around the boundary of P has exactly one local maximum. For the remainder of this paper, we shall use the term convex to mean strictly convex.
We will show for two different types of probes that the problem of determining whether k probes are enough to distinguish among a given r is NP-complete, even when the polygons in r are both convex and unimodal.
The two types of probes are as follows:
(1) The probes used are completely arbitrary. (2) All probes are aimed at p through at least one other vertex of some polygon P E r. The probes generated by the algorithms of Lyons [5] are of this kind. We now give the formal definition for the two corresponding problems, which will be called Convex Probing and Restricted Convex Probing respectively, and which we will prove NP-complete.
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Instance : A set r of m convex unimodal polygons in standard position, and an integer k such that 1 G k s m -1. Question:
Is there a set II of probes satisfying condition 1 or 2 above (depending on the version of the problem that is considered) that allows us to distinguish among r?
These proofs use a reduction from the Minimum Test Collection problem ([4, p. 711). We first show how to generate up to 2("-l)" convex unimodal n-gons (for odd values of n) using only O(log n) bits for each vertex (this construction will be used in the reduction).
We then explain the reduction that we use, and finally prove its correctness.
Generating convex unimodal n-gons
In this section we show how to generate a family of up to 2(n-1)'2 convex unimodal n-gons, for odd values of at, while using only O(n log n) bits to represent the vertices of each polygon. This construction is used in the proofs of the following sections. Consider the parabola y = 2~'. We shall construct polygons by placing their vertices on this parabola, or on the parabola y = 2x2 + 1, at integer coordinates; in a previous version of this paper [2] , a modified system of polar coordinates was used instead. These polygons will be numbered from 0 to 2(n-2)'2 -1; the position of the vertices of 4 will be determined by the values of the bits of the binary representation of i. More formally, if bit(i, j) denotes the jth bit of i (i.e.
bit(i, j) = ]i/2'] mod 2), the position of ui,j is determined as follows.
if 1 <j d n -2, bit(i, (j -1)/2) = 1, and j is odd; y_ = (i, 2j2 + 1) 1 l" (i, 2i2), otherwise. Fig. 2 illustrates P6 in the case where II = 7. We shall denote by q the point (j, 2j2); this notation will be used in Sections 4 and 5.
Theorem 2.1. Each P: is a convex unimodal n-gon that can be represented using at most O(n log n) bits.
Proof. First, we prove that & is convex, for i = 1, 2, . . . , 2("-l)" -1. It suffices to
show that each vertex v~,~ is convex. This can be checked easily when j E (0, n -l}. Furthermore, since the point (j, 2j2 + 1) lies below the line segment joining a;-1 t0 ~j+l, it follows that every other vi,j is convex for all possible choices of v~,~_, and v~,~+ ,. We now show that each fi is unimodal. Consider a vertex v,,~ of fi, and a point q that lies on the boundary of & to the right of v~,~. As q moves to the right, both the horizontal distance and the vertical distance from ~l;,~ to q increase. Thus the distance from Zl;,j to q increases.
A similar argument shows that, if q' is a point moving on the boundary of Pi to the left of 'Ui,j, then the distance from zli,j to q' also increases as q' moves to the left. Therefore, the maximum distance from zli,j to a vertex of Pi occurs at either Ui.~~ or Vi,n-1; in both cases this function has a unique local maximum.
Since this holds for all ui,j, it follows that Pi is unimodal.
Finally, each of the 2n coordinates needed to represent & is an integer whose value is at most 2(n -1)2, and thus can be represented using 2 log(n -1) + 1 bits. Therefore, each P, can be expressed using at most 2n log II + II E O(n log n) bits. Cl
Probing belongs to NP
In this section, we show that both probing problems belong to NP. We assume that each polygon is given by a list of the Cartesian coordinates of its vertices in counterclockwise order. Since Convex Probing is more general than Restricted Convex Probing, it suffices to show that Convex Probing belongs to NP.
We will say that two probes n, X' are equivalent if for every pair Pi, Pj, of polygons in r, 3t distinguishes between P, and fir if and only if rr' does. We shall prove that each probe is equivalent to a probe that can be described using a number of bits polynomial in the length of the description of the problem. This proof relies heavily on the concept of duality between lines and points [3] , which maps the nonvertical line y = ax + b to the point (-a, b), and the point (a, b) to the line y = -ax + b. Let E = e,, . . . , emn be the set of all edges of polygons in r, E be the set of lines containing these edges, 9 consist of the lines determined by pairs of points dual to lines of 8, and s& be the subdivision of the dual plane induced by 9. We observe that:
(1) A point that does not belong to any line of 9 is dual to a line whose intersections with the lines of 8 are all distinct.
(2) A point that belongs to a line 1 of 9 is dual to a line that intersects two or more lines of '8 at the same point. The lines intersected at the common point are exactly those whose dual points are on 1.
(3) A line that is above a point p in the dual space is dual to a point that is above the line dual to p in the primal.
We now show that, if the points p, p' dual to two probes it, n' belong to the same face f of &, then rr and z' are equivalent.
Each vertex ZJ of a polygon in r lies on the intersection of two lines in 8, and so is dual to a line of 2. Since p and p' belong to the same face of ~4, the same lines of 9 are above, below and possibly on each of them. Thus, it follows from observation 3 that u is above, below or on rr if and only if it is above, below or on rr' respectively. Therefore, n and n' intersect the same edges of E, and we can choose the orientations of n and rr' such that these intersections occur in the same order. If p is a O-face of .& (a vertex), then p' =p, and so n = n'; this implies that n and n' are equivalent.
If p and p' belong to a l-face of ~4 (an edge), then the equivalence of x and n' follows from observation 2. Finally, if p and p' belong to the same 2-face of _@Z (a facet), then they are equivalent by observation 1. Each probe will be represented by the equation of the line collinear to it, and by a bit representing its orientation on this line. We need to show that, if there exists a set of k probes that can distinguish between the polygons in r, then we can nondeterministically produce such a set, and verify that it distinguishes among r, in polynomial time.
Verifying that a set 17 of at most m -1 probes distinguishes among r can be done by checking, for each pair e, pi, of polygons of r and for each probe n of II, whether rr distinguishes between fi and I$. Each such verification can be done by computing O(n) line intersections, and thus the total number of intersections of lines that needs to be computed is O(m"n).
It remains to prove that each probe can be encoded using a number of bits that is polynomial in the length of the encoding of the problem (since then each line intersection can also be computed in polynomial time). We shall do this by showing how to replace each probe of the set by an equivalent probe whose representation takes a number of bits polynomial in the length of the encoding of the problem.
Consider
the subdivision &' of the plane obtained by adding to ti the rectangle R with smallest area whose sides are parallel to the coordinate axes, whose vertices have integer coordinates, and whose interior contains all vertices of .~4. We shall use d' instead of .r4 to avoid the special cases that arise when dealing with infinite faces. Let n be an arbitrary probe, p be the point dual to the line collinear with JG, f be the face of ti that contains p, and f' be the face of &' that is contained in f and belongs to the interior of R. We shall pick a point p'
that belongs to f' as follows: If p belongs to the interior off, let p' be the center of gravity off' if it is a triangle, or the midpoint of one of its diagonals otherwise. In all cases, p' can be obtained from the vertices of ,aQ', and hence from the vertices of the polygons in r, using a constant number of arithmetic operations.
Hence, its dual line can also be obtained from the vertices of the polygons in r using a constant number of arithmetic operations, and therefore, it can be represented using a number of bits that is polynomial in the length of the input. Since only one bit is required to represent the orientation of the probe n' equivalent to JC on this line, we get the following result:
Theorem 3.1. The Convex Probing and Restricted Convex Probing problems belong to NP.
Reduction from minimum test collection
We now present a way to reduce the Minimum Test Collection problem [4] to the Convex Probing and Restricted Convex Probing problems; the reduction will be the same in both cases. First we state the Minimum Test Collection problem:
Instance:

Question:
A collection C = {C,, . . . , C,} of subsets of a finite set S, and a positive integer k s ICI. Is there a subcollection C' G C with [C'j d k such that for each pair of distinct elements u, v E S there is some set c E C' that contains exactly one of u and v?
Without loss of generality, we assume that the elements of S are numbered from 1 to ISI and that ICJ > 1. Let n = 2 ICI + 1, p be the origin, and L be the line through the origin and cu,_,. For each s E S, let us construct the polygon fi as shown in Section 2, where i = 4(s) = Cjlsec, 2j-';wethusgetthesetT={P,Ii= G(s) for some s E S}. The value of k will remain the same. Intuitively, this means that we have one polygon for each element in S, and that every second vertex on each polygon corresponds to an element of C. For all i = @(s) and j, vertex vi.2j lies on the parabola y = 2x2, and vertex V;,zj--l belongs to this parabola if the element s of S for which i = $(s) is not in C,, but lies above it (on the parabola y = a2 + 1) if s belongs to C,. Proof. By construction, V;,2j-_2= V;',2j-_2 and Vi,zj= Vi',2j, and by Theorem 2.1, P; and Pi, are convex. Thus, since z hits P;,, it must do so between vi.,2j-2 and v~~,~~. Suppose now that rr hits c at vi,2j_-1. If Vi,2j--1 = v~~,~,-,, then n also contacts &, at 
Proof of correctness
To prove that our problems are NP-hard, we now need to show that there is a set IIof at most k probes satisfying our conditions if and only if there is a subset C' c C with IC'I d k such that, for each pair s, s' E S, there exists C(s, s') E C' to which exactly one of s and s' belongs. One direction is straightforward. Proof. We show that, if there exists a test set of size k for C, then there exists a set of k probes satisfying condition 2 that distinguishes among r. Since condition 2 is stronger than condition 1, the same set of probes will also satisfy condition 1. Suppose that for all s, s' E S, there exists C(s, s') E C' such that exactly one of s and s' is in C(s, s'). For each j, let pj = u+(11,2j--1 and let ~di be the ray starting at infinity and aimed towards p through /?,. The set II = {~j 1 C, E C'} is a set of k probes satisfying condition 2; we claim that II distinguishes among r. Given fi, e, E r, where i = G(s) and i' = #(s') for some elements s, s' of S, consider the pair s, s'. By hypothesis, there is C(s, s') E C' (say C,) such that exactly one of s and s' is in C(s, s'). Thus, by construction, u~,~/-, # v~.,~~-~. Hence, by Lemma 4.2, probe JCI E ITdistinguishes between e and l$. This holds for all pairs pi, & of elements of r, and so II is a set of probes of cardinality k that allows us to distinguish among r. Cl
We now show that, if there is a set of probes satisfying condition 1 or condition 2, then it gives a solution to the instance of Minimum Test Collection. We first prove this when condition 2 is satisfied by the probes (Restricted Convex Probing) and we then extend the result to arbitrary probes. Proof. By condition 2, each probe n E n is aimed at p from infinity through some vertex Y~,~. Let C' = {C, 1 ad E 17 goes through tJi,zj-i for some i = #J(S) and 1 G s < lS(}; clearly lC'1 =Z k. Consider s, s' E S. By the definition of n, condition 2 and Lemma 4.3, there exists JG E n that distinguishes between polygons P: and P,., where i = Q(s) and i' = #(s'), and is aimed at u~,~~_, or r~~.,~~_, for some j. By Proof. We show that, for each set II = xl, . . . , nk of probes satisfying condition 1 that distinguishes among r, we can define a set KI' = ;r6;, . . . , 3tk of probes that satisfy condition 2 and distinguishes among r. Consider JG E II. We construct a probe K' that is equivalent to ;rd and will replace it in KI'. Without loss of generality assume that His minimum. Then rr does not miss all polygons in rand it hits some polygon I: of Tat a point q on its boundary.
There exists j such that q lies between Ui,y and Ui,zj+z. It follows from Lemma 4.2 that, if ;n hits a polygon Pi,, then n hits Pi,, between vi,,y and 'u~~,~~+~. Thus x distinguishes between two polygons if and only if the portions of the boundaries of these polygons that lie between ~y2j and (YZ~+~ differ. Let n' be the probe that is aimed at p through Ui,zj+l; Ed and JG' are equivalent.
Since each probe of H' is equivalent to the corresponding probe of n, 17' distinguishes among I'. Since each probe of n' of k satisfies condition 2, it follows from Lemma 5.2 that the required subset C' of C exists. Note that it is not always possible to find probes that distinguish among a set of simple polygons. Such a set exists if and only if no two polygons in the set have the same weak visibility hull (the set of points which can not be seen from infinity).
This condition can be tested in polynomial time, since the weak visibility hull of a simple polygon P can be computed as follows:
l Compute the convex hull of P (the smallest convex set containing p, denoted by CH(P)) in O(n) time using any of a number of methods (the interested reader can refer to the book by Preparata and Shamos [6] ).
l For each pocket of P (a subset of CH(P) determined by an edge of CH (P) that is not an edge of P-called the lid of the pocket-and by the subset of the boundary of P joining the two endpoints of the lid that does not contain any edge of CH(P)), compute the part of the pocket that is weakly visible from the its lid;
this can be done in O(n) time (amortized over the whole polygon) by using the algorithm of Avis and Toussaint [ 11. Hence we can decide in O(m%) time whether the set can be distinguished among using line probes, even though finding a minimum set of probes is NP-complete.
Conclusion
We have shown that the problem of selecting a minimum number of finger probes to distinguish among a set r of m convex unimodal n-gons in standard position is NP-complete. This results holds for two different types of finger probes: probes aimed at a vertex of a polygon of this set, and arbitrary probes. These results imply that the problems that we consider are also NP-complete for all other classes of polygons of which convex unimodal polygons form a subclass. A similar reduction also shows that these problems are NP-complete in the case of orthogonally convex orthogonal polygons, or orthogonal polygons in general. Furthermore, the proofs generalize to arbitrary dimensions by extending the polygons that were constructed into cylinders. These results, however, do not generalize to polygons that are not in standard position. In fact, it is not known how many fixed probes are needed to distinguish among a set rof convex polygons that are allowed to rotate and translate in the plane, or even whether it is always possible to distinguish among r using a bounded number of probes. We leave these problems, as well as the problem of determining the complexity of distinguishing among rusing other kinds of probes [7] , open for further research.
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